Abstract. Motivated by applications for non-perturbative topological strings in toric Calabi-Yau manifolds, we discuss the spectral problem for a pair of commuting modular conjugate (in the sense of Faddeev) Harper type operators, corresponding to a special case of the quantized mirror curve of local P 1 × P 1 and complex values of Planck's constant. We illustrate our analytical results by numerical calculations.
Introduction
Topological string theory is known for its prominent role in relating different subjects of mathematical physics and mathematics such as Chern-Simons theory, Gromov-Witten invariants, mirror symmetry, enumerative geometry, quantum topology, integrable systems, supersymmetric gauge theory, random matrix theory, etc. The recent progress in string theory has lead to remarkable connections between spectral theory, integrable systems and local mirror symmetry. The idea of relating topological strings in toric Calabi-Yau manifolds with quantum mechanical spectral problems originating from integrable systems was put forward in [1] and subsequently has been materialised to a powerful and numerically testable conjecture of Grassi-Hatsuda-Mariño [7] . It has been shown that quantization of mirror curves leads to trace class (onedimensional) quantum mechanical operators, whose spectral properties not only contain the full information of the enumerative geometry of the underlying Calabi-Yau manifold, but also allow to formulate the string theory non-perturbatively, see [14] for a review and references therein. Outside the context of string theory, these results are preceded by connections of some quantum mechanical spectral problems with integrable systems and conformal field theory [3, 4] .
In the case of toric Calabi-Yau threefold known as local P 1 × P 1 or local F 0 , the corresponding operator obtained from quantisation of the mirror curve is of the form
with positive self-adjoint operators u and v satisfying the Heisenberg-Weyl commutation relation (2) uv = e i vu, ∈ R >0 , and positive real parameter m. In the special case m = 1, operator O F0,1 structurally resembles the Harper operator [8] , but the fact that operators u and v are positive self-adjoint rather than unitary makes its quantum mechanical content very different: it has purely discrete positive spectrum, and its inverse O can approach the same problem from the standpoint of quantum integrable systems by noting that both the Bethe ansatz equations and the quantum method of separation of variables can be formulated in more general and universal framework of Baxter's T −Q functional difference equations [2] which, in their turn, can be interpreted as (one-dimensional) quantum mechanical spectral problems. Complemented with Faddeev's modular duality idea, the second-named author has shown in [17] that the modular T − Q equations of general form admit a particularly tractable approach to their solution in the so called "strong coupling" regime corresponding to a complexified parameter in the commutation relation (2) , namely = 2π e i2θ with real θ ∈]0, π/2[. In this case, operators u and v cannot be neither self-adjoint nor unitary, but one can choose them to be normal and satisfying the relation
implying that operator (1) stays normal, and thus its spectral problem still makes sense. In this paper, motivated by topological string applications, we address the spectral problem of operator (1) in the special case m = 1 and = 2π e i2θ with θ ∈ [0, π/2[. Our approach is based on solving Baxter's T − Q equations in terms of analytic functions on the entire complex plane. The strong coupling regime θ ∈]0, π/2[ is treated along the approach of [17] , while the case θ = 0 (corresponding to = 2π) is treated by solving the functional difference equation directly. We illustrate our analytical results with numerical calculations. The organisation of the paper is as follows. In Section 2 we formulate the problem, fix the notation and conventions. In Sections 3-6, we describe the solution of the problem in the strongly coupled regime. First, we introduce the main functional difference equation and describe some of its properties (Sec. 3), then we construct the eigenfunctions with minimal number of poles (Sec. 4), describe the spectral equations as conditions of cancelling the poles (Sec. 5), and give some numerical analysis in the special case = 2πi (Sec. 6). In the final Section 7, we give a solution of the case = 2π.
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Background from basic quantum mechanics
Let x and p be normalised self-adjoint quantum mechanical position and momentum operators in the Hilbert space L 2 (R) defined by the functional equalities
∂ψ(x) ∂x so that the Heisenberg commutation relation between them takes the form (5) [p, x] := px − xp = 1 2πi ,
i.e. with specific choice of Planck's constant h = 2π = 1. As these are unbounded operators, it is assumed that the function ψ(x) in (4) , and all other commutation relations are trivial. In coordinate representation (4), we have (10) uψ(x) = e 2πbx ψ(x), vψ(x) = ψ(x − ib),
The case where parameter b is pure imaginary corresponds to unitary exponentials, while in this paper we will mainly assume the strong coupling regime
which corresponds to unbounded exponentials. In this latter case, the operation bar in (7)- (9) and (11) is the complex conjugation for numbers and Hermitian conjugation for operators. We will keep that notation in a broader context of analytically continued parameters and variables always assuming that
As in (4), the function ψ(x) in (10) and (11) is assumed to belong to respective domains of unbounded operators. For example, the domain of operator v consists of analytic functions in the open strip between the real axis R ⊂ C and the line −ib + R, which are continuous on the closure of the strip, and which restrict to square integrable functions on the boundary of the strip. We remark that the simultaneous appearance in a theory of both pairs of exponential operators (6) and (7) is a manifestation of Faddeev's modular duality [5] .
Statement of the problem. We address the spectral problem of the following pair of commuting operators (to be called Hamiltonians):
In the strong coupling regime (12) ,H = H † so that commutativity of H andH means that H is a normal operator. In the coordinate representation (4), the spectral problems (15) Hψ = εψ,Hψ =εψ correspond to the following pair of functional difference equations:
By definition, solving these spectral problems corresponds to construction of a function ψ(x) and determination of specific values of ε andε such that (1) ψ(x) is analytic in an open strip around the real axis whose closure contains ±ib and ±ib −1 , and it is continuous on the closure of that strip; (2) ψ(x) is square integrable on the real axis and all of its translates by ±ib and ±ib −1 ;
(3) equations (16), (17) are satisfied for all x ∈ R.
Remark 1. As we will see, the solution of the spectral problems (16) , (17) is given by analytic functions on the entire complex plane.
Conventions. Throughout the text, each time when we use the variables u,ū and x, we assume that they are related as follows:
Similarly, as soon as we use the variables s,s and σ, we assume that they are related as follows:
Else, if f = f (u, ε, q), then we writef = f (u, ε, q) meaning the analytic continuation of the complex conjugation in the strong coupling regime.
Remark 2. In the limit b → 0 one has
what justifies the term "oscillator".
The main functional equation
In this section, we study the following functional finite difference equation
We can rewrite it as a first order difference matrix equation
Upon iteration of (22), we obtain
is a sequence of matrix valued polynomials in u (the degree of M n (u) is 2n) which satisfies the following obvious relations
3.1. The regular solution χ q (u, ε). The limit n → ∞ leads to a matrix valued entire function M ∞ (u), i.e. a holomorphic function on the entire complex plane of the variable u. This follows from the following functional analytic argument. For any r ∈ R >0 , let V r be the vector space of C 2 -valued continuous functions on the closed disk (27)
It is a Banach space with respect to the norm
We have the following monotonicity property of the norms with different disk radii:
Lemma 1. For any r ∈ R >0 , the sequence of restrictions M n | Dr , n ∈ Z n>0 , forms a (fundamental) Cauchy sequence with respect to the induced norm in the (Banach) algebra of bounded linear operators over V r .
Proof. On the level of matrix valued continuous functions A : D r → End(C 2 ), the induced norm is calculated as follows:
Using this formula and the explicit form (23) of the polynomial matrix L(u), we have
and (32)
where L i ∈ End(C 2 ) are the expansion coefficients of the matrix L(u):
That allows us to get a uniform in m upper bound for the norms of M m (u):
where the infinite product converges due to inequality (32). On the other hand, the norms of the coefficients in the expansions
are also bounded from above uniformly on m:
with the standard notation for the deformed Pochhammer symbols
For any m, n ∈ Z >0 , there exists a matrix valued polynomial A m,n (u) of degree 2 max(m, n) − 1 such that
Explicitly, we have
Let N r ∈ Z >0 be such that rT |q| 2Nr < 1. Then for any m ≥ N r and n ≥ 0, taking into account the formula
and the inequalities (35) and (41), we obtain
The obtained equality implies that (M m | Dr ) m>0 is a Cauchy sequence in the Banach algebra of bounded linear operators over V r .
Lemma 1 implies the uniform convergence of the matrix coefficients of M n (u) on all compact subsets of C. Indeed , let f n (u) be a matrix element of M n (u) and K ⊂ C a compact set. Then there exists r ∈ R >0 such that K ⊂ D r and thus
Thus, M ∞ (u) is an entire function on C as a uniformly convergent limit on all compact subsets of C of a sequence of polynomial functions. By taking into account the equalities
we immediately arrive to the following structure of the matrix M ∞ (u):
where χ q (u) = χ q (u, ε) is an entire function normalised so that χ q (0) = 1 and which solves the functional difference equation (21). On the other hand, if write
then the matrix equality
and we explicitly see the rate at which b n (u) and d n (u) converge to zero functions. Furthermore, by taking into account the limits
we obtain from (49)
where in the last limit we have used the equation (21) for χ q (u).
Theorem 1 (Uniqueness of the regular solution). In the case |q| < 1, let f (u) be a solution of the functional equation (21) which is regular (i.e. holomorphic) at u = 0 and normalised so that
Proof. Taking the limit n → ∞ in the matrix equality (24) and using the regularity and normalisation properties of f (u) at u = 0, we obtain the equality
Lemma 2. In the space of solutions of (21), there is an involution which associates to any solution f (u) another solutionf (u) defined by
Proof. This is an easy direct verification.
Applying Lemma 2 to our regular solution χ q (u, ε), we obtain a second solution of the recursion equation
which is holomorphic in C =0 .
3.2.
Orthogonal polynomials associated to χ q (u, ε). The function χ q (u, ε) can be expanded as a power series
with infinite radius of convergence. The coefficients here are functions of ε and q. The functional equation (21) in this case is translated into a system of recurrence equations on the coefficients
which, upon multiplication by (q −2 ; q −2 ) n , is rewritten as a system of recurrence relations defining orthogonal
Notice that the polynomials χ q,n (ε) also depend on the deformation parameter q in symmetric way in the sense that they are unchanged under the replacement q → q −1 . Here are the explicit forms of the first four
Thus, our solution χ q (u, ε) is represented in the form of a power series
In order to see explicitly how this series absolutely convergences on the entire complex plane of the variable u, it suffices to find the growth rate of the polynomials χ q,n (ε) at large index n. To this end, we observe that the recurrence relation (57) at large n approaches the form
where we have suppressed the arguments q and ε of χ q,n (ε) and have taken into account the inequality |q| < 1. This equivalently can be rewritten as follows:
The latter relation immediately implies the absolute convergence of the sum in (60).
Theorem 2. The orthogonal polynomials χ q,n (ε) satisfy the following multiplication rules
Proof. This is a direct check by recurrence on max(m, n).
3.3.
Non-linear first order functional difference equations. The vector space of solutions of (21) is a module over the algebra of q 2 -periodic functions, i.e. functions g(u) that satisfy the functional difference
. For any nontrivial solution f (u) of (21), the combinations
are invariant with respect to multiplication by q 2 -periodic functions, so that they can be used for characterisation of the equivalence classes of solutions of (21) differing by q 2 -periodic functions. The two combinations are related to each other through the functional equalities
The second order functional linear difference equation (21) implies first order non-linear functional difference equations for R(u) = R f (u)
Notice that two equations are related to each other by the symmetry q → q −1 .
By using (24) and (47) we easily obtain the following linear fractional transformation formulae
Theorem 3. Let R, P : U → C, U ⊂ C, be solutions of (67) and (68), respectively, and z ∈ U be such that χ q (z) = 0. Then the sequences (R(q 2n z)) n≥0 and (P (q 2n z)) n≥0 converge with the limits
Proof. Formula (71) follows from (70) if we define R(u) :
by the regularity and the normalisation properties of χ q (u) at u = 0. If we assume that R(z) = R χ q (z), then in equality (69) with u = z the denominator is distinct from zero for sufficiently large n since it converges to a nonzero number:
while the numerator converges to 
Proof. Substructing (21) for g(u) multiplied by f (u) from (21) for f (u) multiplied by g(u), we obtain
Of particular importance for the sequel will be the Wronskian of χ andχ:
Here and hereafter we shorten the notation χ(u) = χ q (u, ε) and so on. Proof. Using the power series expansions, we obtain a Laurent series
where the residue [χ,χ] −1 is given explicitly by the absolutely convergent series
where each term is non-negative if the variables ε and q are real with 0 < q < 1. Thus, dropping all but the very first term, we obtain
3.5. Parameterization in terms of θ-functions. Consider Jacobi's θ-function
It has the properties
and
Any solution W (u) of (74) in the form of a Laurent series in u, can be brought to the form
for some constants s and . The properties of the θ-function given by (82) and (83) imply that
In the case when W = [χ,χ], the variables s and will be determined in terms of ε and q:
The first of these dependences is of particular importance for us, and it will be the subject of a numerical study.
3.6. The main functional equation with q replaced by q −1 . We turn now to the discussion of the functional equation (21) with q replaced by q −1 :
Let χ q −1 (u, ε) be the normalised solution (60) with q replaced by q −1 , i.e. a power series of the form
where we use the semi-equality symbol to indicate the fact that the series is now only a formal power series as it has zero radius of convergence. This is an immediate consequence of the asymptotic behaviour of χ q,n (ε) at large n given by (62). Thus, there does not exist a regular at u = 0 solution of equation (87). Nonetheless, the formal power series solution (88) is interpreted as the asymptotic expansion of a true solution which is not analytic at u = 0. Before formulating this result we do some preparatory work.
Lemma 4. Let f (u) and W (u) satisfy the functional equations (21) and (74) respectively. Then the ratio f (u)/W (u) satisfies (87).
Proof. This is a direct verification.
Lemma 5. Let f (u) and g(u) satisfy the functional equations (21) and (87) respectively. Then the combination
is q 2 -periodic, i.e.
Proof. Substructing (87) multiplied by f (u) from (21) multiplied by g(u) , we obtain
where the latter equality is exactly (90). 
where the Wronskian [χ q ,χ q ](u) is defined in (77).
Proof. The fact that χ q −1 (u, ε) defined in (92) satisfies (87) follows from Lemma 4. The rest of the proof is based on the following two easily verifiable functional identities
The Wronskian [χ,χ](u) can equivalently be rewritten in the form
which implies that if [χ,χ](z) = 0 then we have R χ (z) = Rχ(z), and by Theorem 3 combined with equality (94) we conclude that
On the other hand, from equality (93) we also obtain a sequence of equalities
so that (98) lim
Now, expanding in a formal power series χ q −1 (u) around u = 0, we recover the series (88) as it is fixed uniquely by the functional difference equation (87) and the initial condition χ q −1 (0) = 1.
Behavior at infinity and Ansatz for the eigenfunction
In the limit x → −∞, equation (16) is approximated by the equation
where, in the left hand side, any one of the two terms can be dominating giving rise to two equations (100) ψ(x + ib) = − e −2πbx ψ(x), ∈ {±1}, with particular solutions
which describe the asymptotic behavior at x → −∞ of two solutions of (16) and (17) (102)
Inspection of the equations for φ (x) gives solutions
up to multiplication by doubly periodic functions of x. Thus, a general solution for (16) and (17) exponentially decays at x → −∞ and is given by the formula
where, in general, A are doubly periodic functions of x. As non-constant doubly periodic functions provide unwanted extra poles of the eigenfunction, we assume A to be constants. Moreover, using the modular transformation formula (85) with W (u) = [χ,χ](u), and choosing
where ξ 2 = 1, we arrive to the final form for the eigenfunction:
One can easily verify that
so that the parameter ξ is identified with the parity of the state. We also have the exponential decay at both infinities
and the reality property (109) ψ(x) = ψ(x).
The quantization condition
In the previous section, we have constructed a solution (106) for (16) and (17) which exponentially decays at plus and minus infinities and has a minimal number of poles. The quantization condition is the analyticity condition for (106) in the strip (110)
As a matter of fact, this happens to be equivalent to the absence of poles in the entire complex plane C, at least in the case when all zeros of the wronskian [χ,χ](u) are simple. Let us define a function
which has the (anti)symmetry property
Theorem 5. Let ε = ε(σ) be such that
and assume that s ∈ ±q Z (recall that s = s(σ) = e 2πbσ ). Then the eigenfunction ψ(x) defined by (106) does not have poles in the strip S b if the variable σ is such that
In that case, the eigenfunction ψ(x) is an entire function on the whole complex plane C.
Proof. The zeros of the denominator in (106) are given by
which all are simple provided s ∈ ±q Z . The numerator of (106) vanishes for any u satisfying the equation
On the other hand, the identity W (q 2n s ±1 ) = 0 is equivalent to
which means that the infinite number of cancellation conditions arising from (116) at u = q 2n s ±1 reduce to the single equation (114).
Remark. The spectral equation (114) together with the (anti)symmetry property (112) implies that (118) ξ 2 = 1 regardless of our previous parity and reality considerations.
6. Numerical study for = 2πi 6.1. The structure of ε = ε(σ). Let us remind the definition of the Wronskian (77):
Let σ be fixed (s = e 2πbσ ). Consider the following equation relating σ and ε:
(120) W (e 2πbσ , ε) = 0.
We have used the Newton method to solve (120) with respect to ε. This method uses an initial point as input, and different initial points provide different solutions:
where ε k (σ) stands for k th sheet of the Riemann surface of the multivalued function ε(σ).
If ε and σ are related by (120), then one has
We deduce that
In general, this relation involves exchanges of sheets of the Riemann surface. However, more careful numerical studies show that
• quantisation corresponds to only real σ;
• all branching points of ε = ε(σ) lie outside the real axis.
Numerical studies show that indeed
for the same k th sheet of the Riemann surface. In what follows, the image of the function ε k (σ) with σ ∈ R will be called orbit. The principal domain for ε k (σ) is then
In the numerical studies we use b = e iπ 4 which corresponds to
Figs 1 and 2 show the orbits of ε 1 (σ) and ε 2 (σ) respectively in the complex plane. Two branching points for the branch cuts between ε 1 and ε 2 are located approximately at
The right hand side of Fig. 2 shows the gap between ε 1 and ε 2 . Fig. 3 shows the orbit ε 3 (σ). The right hand side of Fig. 3 shows all three orbits in the log scale.
It is worth discussing the endpoints σ = 0 and σ = sin θ in general. The point σ = 0 gives (see (119))
and the case gives ε k (0) for even sheets and so on. Another branch
gives ε k (0) for the odd sheets: and so on. The point σ = sin θ gives
gives the values for ε k (sin θ) on the odd sheets, for instance
gives the values for ε k (sin θ) on the even sheets, for instance
6.2.
The spectrum. We turn now to the spectrum of the Hamiltonians (14) . The quantisation conditions (114) for real σ are One can see that formally there are two points σ = 0 and σ = sin θ on each sheet of the Riemann surface of ε(σ) corresponding to these quantisation conditions. These are the exceptional cases as denominator W (u) has the second order zeros while in the cases σ = 0 for odd sheets, and σ = sin θ for all sheets, the numerator of (106) has the first order zeros. Therefore, all these cases must be eliminated from the spectrum. On the other hand, if σ = 0 on even sheets, corresponding to χ(1) = 0, the numerator of (106) has second order zeros at some second order zeros of the denominator, but not at all of them and therefore the wave function (106) could not be a holomorphic function either. Theorem 5 concerns only the elimination of simple poles, and further analysis is needed to completely understand the situation with double poles. 6.2.1. Sheet 1. Real and imaginary parts of G q (s, ε 1 (σ)) (the first sheet) are plotted in Fig. 4 .
An even state from the first sheet is given by
This is the ground state. An odd state from the first sheet is given by (143) σ = 0.6121173716461672675, ε 1 (σ) = −13.8783047780366906 + 6.161296243244348685i.
The cases corresponding to σ = 0 and σ = sin θ are discarded. The odd and even states from the second sheet are given in Tables 1 and 2 on the second orbit is given by (144) σ = 0, ε 2 (0) = 535.493519473629469, corresponding to χ(1, ε 2 ) = 0, but this value does not correspond to an eigenvalue since it is not possible to cancel all second order poles in the wave function.
6.3. Table of the spectrum for b = e iπ/4 . We summarize the spectrum from the first and second sheets in Tables 3 and 4 respectively. In our numerics we have used the precision 10 −40 , therefore all our digits for the energies are precise.
σ parity ε 1 (σ) 0.35 even 4.59435880983691894i 0.61 odd −13.8783047780366906 + 6.161296243244348685i Table 4 . The states from the second sheet, k = 2.
The self-conjugate case = 2π
Despite the fact that the special case b = 1 corresponds to the limiting value of the strong coupling regime θ → 0, we do not know how to approach that limit on the level of eigenvalues and eigenfunctions. For this reason, we treat that case separately, independently of the strong coupling regime. This case is very special as the operators u and v are positive self-adjoint and formally commuting, while both functional equations (16), (17) reduce to one and the same but still non-trivial functional difference equation (145) ψ(
which, under the substitution
becomes an equation of the form
Despite being a special case of Harper's functional equation [8] on the real line, this equation should nonetheless be considered on the entire complex plane as its quantum mechanical content is extracted from the restriction of its solutions to the imaginary axis.
7.1. The spectral curve. Due to periodicity of the potential, for any solution of (147), its Weil-Gel'fandZak transform [6, 18, 19] (148)φ(x, y) =
gives another solution which is quasi-periodic in x and periodic in y:
(149)φ(x + 1, y) = e 2πiyφ (x, y),φ(x, y + 1) =φ(x, y).
That means that the functional difference equation (147) is transformed into an algebraic functional equation (150) cos(2πx) + cos(2πy) − ε 2 φ(x, y) = 0, which means that the support ofφ(x, y) is localised to the spectral curve (151) Γ ε := (x, y) ∈ C 2 cos(2πx) + cos(2πy) = ε 2 which covers the finite (affine) part of the elliptic curve
Projection to the first component
is a covering map branched at the points satisfying the condition sin(2πy) = 0 which corresponds to a discrete infinite set of values of x:
where parameters α = α(ε) and β = β(ε) are determined through the equations
Since the spectrum of our operator is contained in R >4 , we assume that ε ∈ R >4 . In that case, we can choose α and β in a canonical way as real positive solutions of equations (156) and (157). The automorphism group of the spectral curve Γ ε contains a subgroup generated by three elements (158) ρ, σ, τ : Γ ε → Γ ε , ρ(x, y) = (−x, y), σ(x, y) = (y, x), τ (x, y) = (x + 1, y).
The two involutions ρ and σ cover involutionsρ andσ of ε , while τ acts fiber-wise, i.e.
7.2. The deformed symplectic potential. For the construction of a Bloch-Jost function to be defined below, we will use the restrictions to Γ ε of a one parameter family of deformed (holomorphic) symplectic potentials on C 2 (160)
where the non-deformed part
is the restriction of the standard holomorphic symplectic potential in C 2 , while the deforming part is given by the pull-back of a holomorphic 1-form on ε
, which is unique up to multiplication by a non-zero complex constant. With respect to the automorphisms (158), the form θ λ has the following properties: 
For a fixed base point P 0 ∈ Γ , let p :Γ ε → Γ ε be the universal covering given by the homotopy classes of all paths starting from P 0 . We define
for any γ for which x • γ and q •γ are closed paths. Then, there exists a Bloch-Jost function f such that
Proof. The fact that g λ,ε = p * (f ) for some f : Γ ε → C is immediate. It suffices to remark that any closed path on Γ ε projects down to closed paths both in C and ε . So, we need to verify only the quasi-periodicity properties of f . Let paths µ, ν :
Then, we have Then, we have
where, this time, the path x • ν is not closed. Using the secon equality in (163), we have
where we have used the fact that the paths x • σ • ν and q •σ • ν are closed.
7.4. The spectral equations. We call equations (166) spectral equations. Our goal here is to reduce them to a minimal set so that any other equation is a consequence of the equations from that minimal set. By using two functions (174) ξ(t) = (is(t + 1/2), is(t)),ξ(t) = (−is(t + 1/2), −is(t)).
and (175) ζ(t) = (ir(t), t/2),ζ(t) = (ir(1 − t), (t + 1)/2).
We observe that (ξ,ξ) and (ζ,ζ) are composable pairs, ξ ·ξ being closed, while ζ ·ζ projects down to closed paths both in C and ε . Moreover, their images generate the fundamental group of ε , which means that the equations (176) e 2πi ξ·ξ θ λ = e 2πi ζ·ζ θ λ = 1 constitute a complete set of spectral equations. We calculate which is in agreement with formula (5.39) of [7] .
7.5. The eigenfunctions.
Theorem 7. Let (λ, ε) ∈ C × R >4 satisfy the assumptions of Theorem 6, and choose the base point P 0 = (iα, 0) ∈ Γ ε . Then, there exists a holomorphic function ϕ : C → C such that where the last equality is satisfied due to (177) and (183). In the case of minus sign in (194), we verify it by using (195) and the symmetry property of the Bloch-Jost function under the negation of the first component: (196) f (−x, y) = f (−iα, 0)/f (x, y) = e 2πi ξ θ λ /f (x, y) = (−1) n+1 /f (x, y)
where we have used definition (174) and the equation in the first part of (182).
Thus, we have solved the spectral problem (145), where the spectrum is determined by equations (182) and the corresponding eigenfunctions are given by the formula ψ(x) = ϕ(ix) for all x ∈ R, where ϕ(x) is defined in (186). These eigenfunctions coincide with the ones constructed in [15] .
